The ground-state energies of one-electron homonuclear quasi-molecules for the nuclear charge number in the range Z = 1 − 100 at the "chemical" distances R = 2/Z (in a.u.) are calculated. The calculations are performed for both point-and extended-charge nucleus cases using the Dirac-Fock-Sturm approach with the basis functions constructed from the one-center Dirac-Sturm orbitals. The critical distances R cr , at which the ground-state level reaches the edge of the negative-energy Dirac continuum, are calculated for homonuclear quasi-molecules in the range: 85 ≤ Z ≤ 100. It is found that in case of U 183+ 2 the critical distance R cr = 38.42 fm for the point-charge nuclei and R cr = 34.72 fm for extended nuclei.
I. INTRODUCTION
A one-electron diatomic quasi-molecule represents the simplest molecular system. Precise calculations of one-electron homonuclear quasi-molecules are generally used for tests of various theoretical methods developed for calculations of diatomic systems. Theoretical analysis of the electronic structure of a one-electron quasi-molecular system consists in solving the one-electron two-center Schödinger or Dirac equation.
In the nonrelativistic case the three-dimensional two-center Schödinger equation can be transformed into two ordinary (one-dimensional) differential equations [1] and, therefore, can be solved to a high accuracy [2] . Moreover, the scaling r ′ = r/Z allows one to reduce the solution of the Scrödinger equation with the internuclear distance R and the nuclear charge Z to the solution of the same equation for the molecular ion H + 2 with the internuclear distance R/Z. This makes the molecular ion H + 2 to be a good test system for various theoretical methods. In the relativistic case, however, the variables can not be completely separated and the simple scaling is no longer valid. To date, various theoretical methods were developed to calculate homonuclear quasi-molecules [3] [4] [5] [6] [7] [8] [9] [10] . Systematic calculations of the ground-states energies of molecular ions for a wide range of Z at the distances R = 2/Z were performed in Ref. [11] .
Investigations of quasi-molecules formed during low-energy heavy-ion collisions with the total nuclear charge larger than the critical value, Z 1 + Z 2 ≥ Z cr ≈ 172, can provide a unique possibility to study quantum electrodynamics (QED) at supercritical electromagnetic fields [12, 13] . It is known that the ground-state level reaches the edge of the negative-energy spectrum, when the internuclear distance R becomes equal to the critical value R cr . For the distances R < R cr , the ground-state level dives into negative-energy Dirac continuum as a resonance. The critical distances R cr were calculated for the point-charge nuclei in Refs. [14] [15] [16] and for extended nuclei in Refs. [17] [18] [19] . However, since the first calculations for extended nuclei were accomplished using either a crude numerical approach [17] or an approximate analytical method [18, 19] , their accuracy was rather low. In case of U 183+ 2 , the most precise calculations of the critical distance were performed in Refs. [20, 21] .
In the present work, high-precision relativistic calculations of the ground-state energies of molecular ions with the nuclear charges in the range Z = 1 − 100 at "chemical distances" R = 2/Z (in a.u.) are performed. We also calculate the critical distances R cr for one-electron quasi-molecules in the range:
85 ≤ Z ≤ 100. All the calculations, being performed for both point-and extended-charge nuclei, are based on the Dirac-Fock-Sturm method [20, [22] [23] [24] [25] . The basic equations of this method for the one-electron two-center problem are given in section II. In section III, we present the numerical results and compare them with the calculations performed by other methods.
Atomic units are used throughout the paper (h = m = e = 1).
II. DIRAC-STURM METHOD FOR THE TWO-CENTER PROBLEM
In the framework of the Born-Oppenheimer approximation the electronic wave function ψ( r) is determined by the Dirac equation:ĥ
where ε n is the energy of the stationary state andĥ D is the two-center Dirac Hamiltonian defined bŷ
Here c is the speed of light, α, β are the Dirac matrices, V AB ( r) is the two-center Coulomb potential,
and R A and R B determine the positions of the nuclei. The one-center Coulomb potential:
−Z/r for the point-charge nucleus ,
where the nuclear charge density ρ nucl ( r) is normalized to unity ( d rρ nucl ( r) = 1).
The two-center expansion of the stationary wave function ψ n ( r) is given by
where index α = A, B labels the centers and index a numerates the basis functions at the given center.
The coefficients c n aα of the expansion (5) can be obtained solving the generalized eigenvalue problem:
where subscripts j and k numerate the basis functions of both centers, and the matrix elements H jk and S jk are given by
As the basic functions, we consider the central-field bispinors centered at the positions of the ions:
where P nκ (r) and Q nκ (r) are the large and small radial components, respectively, and κ = (−1) l+j+1/2 (j+ 1/2) is the relativistic angular quantum number. The radial components are numerical solutions of the radial Dirac-Sturm equations in the central field potential V (r):
Here λ nκ can be considered as an eigenvalue of the Dirac-Sturm operator and W κ (r) is a constant sign weight function. In our calculations we use the following weight function:
In contrast to 1/r, this weight function is regular at the origin. The Sturmian operator is Hermitian and does not contain any continuum spectra. Therefore, the generalized eigenvalue equation with the weight function (10) yields a complete and discrete set of eigenfunctions that are orthogonal to each other with the weight (10).
Equations (9) are solved using the finite difference method with a constant step on Brattsev's grid ρ = α r + β ln(r) [22] . These solutions, which have the right asymptotic behavior at the origin and infinity, are used to construct the basis set. In particular, for the two Coulomb point-charge centers the behavior of the basic functions at the origin is characterized by the fractional degree of the radius, ∼ r 
where
However, for the "chemical" distances (R = 2/Z) taking into account the monopole potential of the second ion in Eq. (11) does not improve the convergence of the results with respect to the number of the basis functions. For this reason, we keep this term evaluating the critical distances and neglect it in the calculations at the "chemical" distances.
III. RESULTS AND DISCUSSION
High-precision relativistic calculations of the 1σ g state energy of one-electron homonuclear quasimolecules at the distance R = 2/Z (in a.u.) have been performed employing the Dirac-Sturm method.
The results of these calculations for the point-and extended-charge nuclei are given in Table I . The extended-nucleus results were obtained using the Fermi model of the nuclear charge distribution:
where the parameter a was chosen to be a = 2.3/(4 ln 3) and the parameters N and r 0 are obtained using the values of the root-mean-square (rms) nuclear charge radii r 2 n 1/2 taken from Refs. [26, 27] .
The point-nucleus results were recently presented in Ref. [28] . In these calculations we used the speed of light as obtained from the fine structure constant α = 1/c (the value of α is taken from CODATA [29] ).
In Table II at the internuclear distances R = 2/Z obtained with different methods. In this table the value of the speed of light is chosen to be c = 137.0359895, as in our previous work [28] . As one can see from the table, our results [28] are in a good agreement with the previous calculations reported in the literature. We also present the results for the nonrelativistic ground-state energy of the molecular ion H + 2 . In our work, this result was obtained by performing the calculation with the light speed c ∞ = c · 10 6 . Our value is in perfect agreement with the most precise nonrelativistic calculation of Refs. [2, 31] .
In Fig. 1 we display the energy of the 1σ g state of the U
183+ 2
quasi-molecule as a function of the internuclear distance R on a logarithmic scale. In this figure the solid line indicates the energy E(R)
calculated for the point-charge nuclei. The dashed line represents the related results for the extendedcharge nuclei, which were obtained for the Fermi model (13) . As one can see from Fig. 1 , the 1σ g level dives into the negative-energy Dirac continuum at the critical distance R cr = 38.42 fm for the point-charge nuclei and at R cr = 34.72 fm for the extended-charge nuclei. In Fig. 2 we display the quasi-molecule. In this case we observe that the "diving" point occurs at the critical distance R cr = 30.96 fm for the point-charge nuclei and at R cr = 26.96 fm for the extended-charge nuclei.
In Table III we present the results of our two-center calculations of the critical distances R cr for oneelectron homonuclear quasi-molecules A
for the point-and extended-charge nuclei and compare them with the previous calculations. It can be seen that our results for the point-charge nuclei are in a very good agreement with the results of Refs. [15, 20] . As to the extended-nucleus case, we can systematically compare our results only with the data obtained in Ref. [18] . The discrepancy between our data and those from Ref. [18] is considerably larger for the extended-nucleus case than for the point-nucleus case. We think this is due to a rather crude analytical estimate of the nuclear size effect in Ref. [18] . 
IV. CONCLUSION
In this work we applied the Dirac-Sturm method to calculate the ground-state energies of oneelectron homonuclear quasi-molecules with different nuclear charge numbers Z at the internuclear distances R = 2/Z. The critical distances, at which the ground state level of a heavy quasi-molecule reaches the edge of the negative-energy Dirac continuum, were also calculated. The calculations were performed for both point-and extended-charge nuclei. As the result, the most precise data for the energies and the critical distances are obtained. This also demonstrates high efficiency of the DiracFock-Sturm method in its application to diatomic molecules.
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